In this paper we apply supersymmetric localization to study gauged linear sigma models (GLSMs) describing supermanifold target spaces. We use the localization method to show that A-twisted GLSM correlation functions for certain supermanifolds are equivalent to A-twisted GLSM correlation functions for hypersurfaces in ordinary spaces under certain conditions. We also argue that physical two-sphere partition functions are the same for these two types of target spaces. Therefore, we reproduce the claim of [1, 2] . Furthermore, we explore elliptic genera and (0,2) deformations and find similar phenomena. *
Introduction
Supermanifolds have recently been of interest in the community, see e.g. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . The purpose of this paper is to use supersymmetric localization to explore properties of gauged linear sigma models with target supermanifolds, checking the equivalence [1, 2] of A-twisted nonlinear sigma models (NLSMs) on supermanifolds with A-twisted nonlinear sigma models on ordinary hypersurfaces and complete intersections in (2,2) supersymmetric cases. We check this claim by directly comparing A-twisted correlation functions for both sides. Furthermore, we also compare elliptic genera as well as partition functions on two-sphere. We also discuss analogues for (0,2) supersymmetric theories.
In this paper, we require that NLSMs on toric supermanifolds have non-negative beta function, which is equivalently to require these supermanifolds have non-negative super-first Chern Classes. (For example, the super-first Chern class of CP N |M can be non-negative when N + 1 ≥ M in Eq. (3.6) of [1] .) Therefore we could use GLSMs as the UVcomplete theories to study these supermanifolds. GLSMs for supermanifold target spaces have been studied in [11, 12] . In this paper, we apply supersymmetric localization to study GLSMs. This is a powerful tool for ordinary GLSMs [13] [14] [15] [16] , which we extend to GLSMs for supermanifolds. The philosophy of supersymmetric localization is to do calculations at worldsheet UV for some RG-invariant quantities, such as topological field theory correlation functions.
Using the supersymmetric localization, we calculate the correlation functions of Atwisted GLSMs for supermanifolds and we show that they match with A-twisted GLSMs for certain ordinary hypersurfaces and complete intersections. In addition, we also find that physical two-sphere partition functions for supermanifolds and corresponding ordinary manifold are equal. Therefore, we conjecture that the mirror maps are the same for both sides [17, 18] . However, one subtlety is that some properties of supermanifold are not quite clear. We leave the proof of this conjecture as future work.
In section 2, we briefly review GLSMs for ordinary toric varieties via concrete examples with three different target spaces: CP 4 , Tot O(−d) → CP 4 and a hypersurface of degree d in CP 4 . We focus on the correlation function calculations via supersymmetic localization, which will be used in section 4.
In section 3, we discuss GLSMs for supermanifolds. The general description is based on [11, 12] , but we do not consider the superpotential for supermanifolds in this paper because it is not relevant for reproducing the claims in [1, 2] , which in principle are the focus of this paper. In a later section, the general chiral ring relation will be obtained following [19, 20] . Then using supersymmetric localization [13, 14, 21, 22] , formulas for correlation functions and elliptic genera are also given.
In section 4, we apply those formulas given in last section to several examples and the statement in [1, 2] can be obtained immediately under certain conditions. This statement is for Higgs branch, but our calculations are all done on Coulomb branch, for example the correlation functions, (2) and (16) . However, the correlation functions on the Higgs branch are equivalent to the correlation functions on the Coulomb branch when turn off twisted masses.
In section 5.1, we study the two-sphere partition functions of physical (2, 2) theories. We find that the partition functions for certain supermanifolds are equivalent to the partition functions for hypersurfaces in ordinary spaces. In section 5.2, we study (0, 2) deformation of (2, 2) theories. We generalize the story in [16] to GLSMs for supermanifolds without (0, 2) superpotential. Since there are no J-terms, there should no constraints for E-deformations. However, the E-deformations for (0, 2) GLSM on hypersurfaces have certain constraints due to supersymmetry, see e.g. Eq. (29a) and Eq. (29b). Therefore, the (0, 2) version of that statement [1, 2] only hold for deformations obeying certain constraints.
Review of GLSMs for Toric Varieties
In this section, we briefly review some aspects of GLSM for toric varieties and how to compute correlation functions via supersymmetric localization on the Coulomb branch in some concrete examples.
Consider a GLSM with gauge group U (1) k and N chiral superfield Φ i of gauge charges Q a i and vector R charges 1 R i , where a = 1, . . . k and i = 1, . . . , N . The lowest component of Φ i is a bosonic scalar φ i , and we call this Φ i an even chiral superfield. The Lagrangian and general discussions of this model can be found in the literature, see e.g. [19, 25] .
In this GLSM, the flavor symmetry is
where all N α ≥ 0 and α N α = N . However, if we have superpotential, the flavor symmetry will be smaller [26] . For example, in the GLSM for the quintic, the flavor symmetry is U (1). Another similar example can be found in appendix A in Hori's paper [27] 2 . The correlation function for a general operator O(σ) can be calculated via localization on the Coulomb branch as [13] O(σ) = (−1)
1 In order to make this GLSM to be A-twistable on a two-sphere, the vector R-charges, denoted as RV , should be integers [23, 24] .
2 To avoid confusion, we want to clarify the flavor symmetry for GLSM and the global symmetry for manifold. For example, the global symmetry for CP N is SU (N + 1), while the flavor symmetry for GLSM for CP N is U (N + 1). This is consistent in GLSM description as there is one U (1) ⊂ U (N + 1) which can be quotiented by U (1) gauge. In this paper, when we mention "flavor symmetry", we mean the flavor symmetry for GLSM.
where q m = e −t a ma , in which:
and Z
1−loop m
is the one loop determinant. For abelian gauge theories, it is known that
in which Q i (m) = Q a i m a , andm i are the twisted masses due to the flavor symmetry. The overall factor (−1) N * , where N * is the number of p fields, comes from the assignment for the fields with Rcharge 2 [13, 19] . We will later see this overall factor would automatically show up from the redefinition of q's in the supermanifold case in following sections. The special case, N * = 0, corresponds to target space without superpotential.
Next, we will apply the above formula to calculate several concrete examples. GLSM for CP 4 In this model, we have five chiral superfields with U (1) charges and R V -charges given by Q 1 1 1 1 1
and it has a U (5) flavor symmetry. For simplicity, we set twisted masses to zero. Then from the formula (2), we obtain:
If take O(σ) = σ 5k+4 , we could immediately obtain
and this equation encodes the chiral ring relation as
Tot O(−d) → CP 4 is the total space of the bundle O(−d) → CP 4 . For the special case when d = 5, it is also called V + model as in [19] . In this example, we have six chiral superfields with U (1) charges and R V -charges given by
This model has flavor symmetry U (5) × U (1). We require i Q i ≥ 0 so this system has a geometric phase corresponding to a weak coupling limit. Then we have
For the special case d = 5, we can further obtain the following chiral ring relation:
GLSM for Hypersurface in CP 4
This model is defined by six chiral superfields with U (1) charges and R V -charges given by:
which we also require i Q i ≥ 0. It has the flavor symmetry U (1). We have
In particular, if d = 5, which satisfy the Calabi-Yau condition. Then,
Take O(σ) = σ 3 , then we can obtain
This correlation function is in agreement with σ 3 −(−5σ) 2 in the previous V + -model [19] .
GLSMs for Complex Kähler Supermanifolds
A supermanifold X of dimension N |M is locally described by N even coordinates and M odd coordinates together with compatible transition functions. If it is further a split supermanifold, then it can be viewed as the total space of an odd vector bundle V of rank M over a N -dimensional manifold, which is along the even directions and denoted X red :
For more rigorous definitions of supermanifolds and split supermanifolds, we recommend [8] . According to the fundamental structure theorem [8] , every smooth supermanifold can be split, so even the split case is still considerable. To build up a (2, 2) GLSM as a UV-complete theory of NLSM for a complex Kähler supermanifold M, we only consider those toric supermanifolds [2] obeying certain constraints, which we will give later as Eq. (4). We obtain this from the GLSM perspective, but it can be derived from NLSM [1] . By toric supermanifold, we mean that M has an intrinsic, global torus action (C * ) k , which can be gauged and so as to construct the GLSM we want. It is pointed out in [2] that this kind of supermanifold is also split. Therefore, we can still take advantage of the bundle structure of split supermanifolds in our construction. One example of these toric supermanifolds is CP 4|1 , which is defined by
This is a different geometry than CP 4 . For example, on CP 4|1 we can choose a patch where {x 1 , . . . , x 5 } all vanish, while the odd coordinate is nonzero.
The Model
In order to construct the GLSM for a toric supermanifold described by a U (1) k gauge theory, we can follow the construction of V + -model [19] but change the statistical properties along the bundle directions. In other words, we view fields along bundle direction as ghosts. In [11] , there is a formal discussion about building GLSM for supermanifolds. Here we only focus on toric supermanifolds. More specifically, we have two sets of chiral superfields:
• N + 1 (Grassmann) even chiral superfields Φ i with U (1) k gauge charges Q a i and R-charges R i , whose lowest components are bosonic scalars;
• M (Grassmann) odd chiral superfieldsΦ µ with gauge U (1) k chargesQ a µ and R-charges R µ , whose lowest components are fermionic scalars. 3 In the above, we impose an analogue of a Fano requirement for the supermanifold, requiring that for each index a
and in later sections we impose this condition implicitly. (We will derive this condition from the worldsheet beta function later in this section.) Associated to the gauge group U (1) k , there are k vector superfields: V a , a = 1, . . . , k. The total Lagrangian consists of five parts 4 :
As advertised in the introduction, we will consider vanishing superpotential in this paper, i.e. W = 0. Take the classical twisted superpotential to be a linear function 5
In the above Lagrangian, the even kinetic part, the gauge part and the twisted superpotential part share the same form as in a GLSM for an ordinary target space. The odd kinetic part is defined in the same fashion as the even part [11] :
The equations of motion for the auxiliary fields D a inside vector superfields are
where r a are the FI parameters. Since W = 0, the equations of motion for the auxiliary fields F i/µ inside even/odd chiral superfields are
The potential energy is
Semiclassically, we can discuss low energy physics by requiring U = 0, i.e. σ = 0 and
In the present case with one U (1), in which the charges Q i andQ µ are all unites, we have a geometric phase where r ≫ 0 defined by (C N +1|M − {0})/C * . 6 Returning to the general case, in the phase r a ≫ 0 for all a ∈ {1, . . . , k}, the above condition requires that not all φ i or φ µ can vanish, then the target space is a super-version of toric variety, X, which we will call a super toric variety:
where the torus action (C * ) k is defined as, for each a,
As in the case for ordinary toric varieties, we have flavor symmetry for GLSM for super toric variety. For the general case, (8) , the maximum torus of the flavor symmetry would be:
Since we are not considering superpotentials in our models, this symmetry will not break. The one-loop correction to the D-terms can be calculated as in [11] :
Therefore, the effective FI-parameters are given as
where a = 1, . . . , k. Introduce the physical scale µ and from the dimensional analysis,
where C andC are nonzero constants. Then from the definition of the beta function, we have
This is where we get the constraints Eq. (4). In particular, if the charges satisfy
β = 0 and the correction will be Λ independent, and it will give us a conformal field theory. When we compare GLSM for supermanifolds and related GLSM for hypersurfaces (or complete intersections) in next section, we will see that this condition corresponds to the Calabi-Yau condition for the hypersurfaces (or complete intersections):
For convenience, we will refer to both conditions, (10) and (11), as the Calabi-Yau condition. This is also a hint that indicates there exists a close relationship between those two models [1, 2] .
Chiral Ring Relation
From the effective value of r, we could also write down the effective twisted superpotential:
The above one-loop corrected effective twisted potential (12) can be rewritten in terms of physical scale [20] , µ, as
By minimizing this twisted superpotential,
we can read off the chiral relation as
This is an exact relation where all the σ's satisfy. Usually, we set the physical scale µ = 1, then the above relation can be simply written as
We will see in next section that the GLSM for hypersurface corresponding to this supermanifold has the chiral ring relation:
It is easy to see that above two chiral ring relations are related by
Actually, the factor (−1) νQ a ν will show up repeatedly in next section, and we will call this the map connecting GLSM for supermainfold and the corresponding GLSM for hypersurfaces (or complete intersections).
Supersymmetric Localization for Supermanifolds
In this section, we want to focus on calculations of correlation functions for supermanifolds. Here we only list results of GLSM for supermanifolds on S 2 and it can be generalized to higher genus cases (at fixed complex structure) as in [13, 29, 30] . Similar to the calculations given in section 2, we could also use supersymmetric localization on Coulomb branch for supermanifolds. However, here we have several grassmann odd chiral superfields, and it will also contribute to the one-loop determinants of chiral superfields. As we are considering the abelian case in this paper, the one-loop determinant for the gauge fields is trivial by the same argument in [13, 14] . The one-loop determinant for chiral superfields can be written as the product of even and odd parts:
In the above, R i andR µ are the R V charges for even chiral superfields and odd chiral superfields, respectively, and they are all integers. In Appendix A, we have discussed the assignments of R V -charges. Roughly speaking, except for the P-fields, R V -charges for odd chiral superfields should be proportional to those for even chiral superfields. Since we are considering twisted models without superpotential in this paper, specifically without the P -fields arising in descriptions of hypersurfaces, R V -charges for both even and odd chiral superfields should all be assigned to be zero in twisted models. This R V -charge assignment is also consistent with the large volume limit requirement [31] .
Before to get the one-loop determinant for odd chiral superfields, (15b), let us briefly review the method to obtain (15a) following [13, 14] . For Grassmannian even superfields Φ i = φ i , ψ i , . . . , the one loop determinant from supersymmetric localization is given by
where det ∆ φ in the denominator comes from Gaussian integral while det ∆ ψ in the numerator comes from Grassmannian integral. Because of supersymmetry, the only thing that will survive from the above ratio is the zero modes of ψ, which is (15a). It is straightforward to generalize above story for Grassmannian odd chiral superfields. For odd chiral superfields Φ µ = (φ µ , ψ µ , . . . ), the statistical properties of the components φ µ and ψ µ are changed, φ µ become Grassmannian odd while φ µ become Grassmannian even. At the same time, the operators, ∆ ψ and ∆ φ , have the same form as those for even chiral superfields [11] . Therefore, we can use [13, 14] to get the one-loop determinant for odd chiral superfields:
which leads to (15b).
Once we have the one-loop determinant for both even and odd chiral superfields, (15a) and (15b), the correlation function for a general operator O(σ) can also be obtained by
Here, the JK-residue calculation is also done at the geometric phase.
Elliptic Genera
The elliptic genus is a powerful tool to extract some physical quantities of target spaces, for example central charge for Calabi-Yau and the Witten index and so on. It is the partition function on a torus with twisted boundary conditions, which reduces to the Witten index in a certain parameter limit [21, 32, 33] . There are many discussions of elliptic genera in the literature. In this section we will follow the localization computations in [21, 22] and generalize their discussions to supermanifolds 8 . In the next section, we will use our generalizations for supermanifolds to compare with the hypersurface case, which should provide a consistency check that those two models are indeed equivalent to each other under certain conditions. In [21, 22] , the elliptic genus was computed from supersymmetric localization to be
Here, we turn off the holonomy of the flavor symmetry on torus. In the above, y = e 2πiz and x a = e 2πiua .
come from the R symmetry and gauge symmetry 9 . The idea is to use supersymmetric localization to transform the path integral of a torus partition function into a residue integral over zero-modes of vector chiral superfields. In the integrand, the elliptic genus consists of three parts: one-loop determinant for (even) chiral superfields, non-zero modes of vector superfields and twisted chiral superfields. For supermanifolds, we need to include the one-loop determinant for odd chiral superfields with the same twisted boundary conditions on the torus. From supersymmetric localization, the one-loop determinant for odd chiral superfields are almost the same as that for even chiral superfields, except it should have an overall −1 exponent. Now we argue that we would have a very similar formula for elliptic genera for supermanifolds, and the only difference is to include the one-loop determinant for odd chiral superfields. The result is
(18) Our argument mainly follows [21] , and we follow the notation of that reference. First, we shall note that with twisted boundary condition on torus, the one-loop determinant for odd chiral superfields can be calculated from localization:
and when D = 0, it can be written in terms of theta functions as inside the integral above.
The starting point is
In [21, 22] , they refer this as the flavor symmetry which corresponds to (C * ) k .
but with a different D-term here, which is given in Eq. (7) . Following the procedure in [21] , we want to integrate over D and simplify the integral over u. After introducing odd chiral superfields, we can still take certain parameter limits to reduce the integral above to M\∆ ǫ and then obtain the residue integral formula. Integrating out D, we have
with
Here we use N * to denote the number of odd chiral superfields which has a zero-modeφ µ at u * . It is easy to see that the odd chiral superfields do not affect arguments in [21] as we can expand those odd chiral superfields in the exponent up to linear terms, and the integrals over them are just finite constants before taking the limit e → 0. Therefore, we shall take ǫ → 0 and then e → 0, also denoted as lim e,ǫ→0 , and then the integral will reduce to
Once we have above relation, then following derivations will be the same as in [21] and we could obtain the formula, Eq. (18), for elliptic genus for supermanifolds. In principle, we can also turn on the holonomy of flavor symmetry for supermanifolds on torus. We will return to this point later. Before going to the next section, we shall mention that the elliptic genus we calculate here has a natural generalization by including odd chiral superfields. The authors are not aware of a corresponding mathematical notion for supermanifolds, and leave that for future work.
Comparison with GLSMs for Hypersurfaces
The main goal of this section is to reproduce the claim of [1, 2] , namely that an A-twisted NLSM on a supermanifold is equivalent to an A-twisted NLSM on a hypersurface (or a complete intersection). Instead of discussing these two NLSMs, we consider the corresponding GLSMs, namely GLSMs for supermanifolds and GLSMs for hypersurfaces (or complete intersections). However, here is a subtlety: the GLSM FI parameter t is different from the NLSM parameter τ , reflecting the difference between algebraic and flat coordinates. They are related by the mirror map [19, 25] . Therefore, we need to show the mirror map for supermanifolds is the same as the mirror map for the corresponding hypersurfaces. This is indicated by matching the physical two-sphere partition functions [17] . We will show this in section 5.1.
Before working through concrete calculations, let us argue that our calculations are plausible. As mentioned in section 2 and 3, the GLSM for supermanifolds we considered in this paper has no superpotential and so the flavor symmetry for target space is all kept, while the GLSM for hypersurfaces will have less flavor symmetries. Therefore, there are more flavor parameters for the supermanifold case. Further, the statement we want to reproduce is proposed for NLSM, which corresponds to the Higgs branch of GLSM. However, in this section our calculations are all done on Coulomb branch, for example the correlation functions, (2) and (16) . To probe properties of correlation functions on Higgs branch, those real twisted masses,m, shall be set to zero. This can be achieved as correlation functions are holomorphic function inm [13] . Follow above logic, our results can be used to derive the statement in [1, 2] .
In last section, when we calculate the one-loop correction, the antisymmetric property for odd chiral superfields leads to a minus sign in front of the correction even though we all assign positive charges for both even and odd chiral superfields at first. This minus sign is essential to the equivalent relations between GLSM for supermanifold and for hypersurface (or complete intersection).
In the following, we will study some concrete examples. In those examples, it is not necessary to impose the Calabi-Yau condition (10) . In this sense, we also generalize the statement in [1, 2] to non-Calabi-Yau cases. What we will use to compare are mainly chiral ring relations, correlation functions and elliptic genera.
Hypersurface in CP
First, let us recall the chiral ring relation for GLSM for hypersurface case. In this model, we shall introduce superpotential:
where G(Φ) is a degree d polynomial of Φ's, and P is a chiral superfield with U (1) charge −d and R-charge 2. Then the twisted superpotential with one-loop correction is:
we could obtain
.
Setting µ = 1, we would get
The corresponding supermanifold model we want to compare with above result is CP N |1 . We can read the chiral ring relation from Eq. (13) with one U (1) and only one odd chiral superfield with
Comparing above two chiral ring relations, they are the same up to a factor (−1) d . Without loss of generality, we can take N = 4. We will look at the relation between the correlation function for GLSM for hypersurface of degree d in CP 4 and that on CP 4|1 , which is defined as in Eq. (3). In the supermanifold case, we shall have fields with U (1) charges: (1, 1, 1, 1, 1, d) . Using Eq. (16), we will obtain
Comparing with the hypersurface case, if we redefine q as
then the correlation functions for the supermanifold will be exactly the same as those for hypersurface.
In particular, if we take d = 5, the hypersurface will be the quintic case. The correlation function is
Then, correspondingly, the correlation function for supermanifold would be:
We shall see that theq and q are related bỹ
then it is easy to observe that those correlation functions on both models are exactly the same. It is in this sense that we claim we have reproduced the statement in [1, 2] . Further, we can compare their elliptic genera. The quintic example is already calculated in [21] , which is
and we can generalize it to a more general hypersurface of degree d:
For the supermanifold CP 4|1 , from the formula (18) , the elliptic genus is
According to the property of theta function:
we conclude that the elliptic genera for both models are exactly the same without turning on the holonomy of flavor symmetry on torus.
As the first example, we have shown the equivalent relations between GLSM for hypersurface in CP N and on supermanifold CP N |1 . For elliptic genera, the R charge assignment can be more general which is discussed in appendix A. We also show in appendix C that the equivalent relation for their elliptic genera is still valid.
Hypersurfaces (Complete Intersections
It turns out that one can repeat the game for more general cases. First, it can be generalized to weighted projective space. The supermanifold
So in the GLSM defined for this supermanifold, we have N + 1 even directions and 1 odd direction:
• N + 1 even chiral superfields X i with U (1) charge Q i and R charge 0;
• 1 odd chiral superfield Θ with U (1) chargeQ and R charge 0;
For this GLSM, the chiral ring relation can be read from Eq. (13) as
From the previous localization formula, we could obtain the correlation function:
In the above, if we redefineq = (−1)Qq, then the above chiral ring relation will bẽ
, and the correlation function becomes
which reproduce the chiral ring relation and correlation functions for GLSM of U (1)-gauge on one hypersurface of degreeQ in WP [Q 1 ,...,Q N+1 ] , which is defined by
• 1 even chiral superfield P with U (1) charge −Q and R charge 2, together with superpotential
where G(X i ) is a holomorphic function in x i ' of degreeQ. Now, let us compare the elliptic genera for above two GLSMs. For the supermanifold case, it can be calculated using (18):
Using the property of θ 1 -function (20), we can rewrite above expression for Z T 2 as:
which is exactly the elliptic genus for GLSM for hypersurface. For the Calabi-Yau hypersurface, we need to further require the Calabi-Yau condition (10) and in this example we have:
From above arguments on chiral ring relations, correlation functions and elliptic genera, we shall conclude the statement in [1, 2] is valid.
Second, there is a similar story when we include more odd chiral superfields. Consider a GLSM for WP
, which is defined by
For the GLSM for this WP N |M , matter fields given as:
• N + 1 even chiral superfields X i with U (1) charge Q i and R charge 0,
• M odd chiral superfields Θ with U (1) chargeQ µ and R charge 0, and the model we want to compare it with is GLSM for a complete intersection of M hypersurfaces inside WP N [Q 1 ,...,Q N+1 ] , which is defined by
• M even chiral superfields P µ with U (1) charge −Q µ and R charge 2, including superpotential:
Starting with the GLSM for WP
, the chiral ring relation is
From the localization formula, we can write the one-loop determinant:
So the correlation function is
If we redefine q inside the residue integral as
we would get the chiral ring relations and correlation functions for a GLSM for a complete intersection:q
Therefore, the equivalent relation we expected still holds here. One more thing we shall mention is that under this redefinition, it will produce an overall factor of (−1) M , which corresponds to the factor of (−1) N * in Eq. (2) [13] and it suggests that this shall provide an alternative way to explain the factor (−1) N * arising in the localization formula in [13] . So far in the above examples, redefinition of q all have the same form, so it is reasonable to propose that in general a GLSM for supermanifold M and corresponding GLSM for hypersurface (or complete intersection) inside M red are related by Eq. (21). Also, note that if we require the Calabi-Yau condition:
and so there are only nontrivial correlation functions when
which makes sense as we would like nontrivial complete intersections of M hypersurfaces insider WP N .
Further discussions about elliptic genera for GLSMs on WP N |M and on the complete intersection in WP N confirms their equivalent relation. The elliptic genus for WP N |M is
Again, by the property of θ 1 -function, above elliptic genus can also be written as:
which is just the elliptic genus for the GLSM for complete intersection.
Multiple U(1)'s
Now we want to consider A-twisted GLSM with multiple U (1) gauge, say U (1) k . Let us look at GLSM for X, which is defined by Eq. (8) in section 3. The chiral ring relation, correlation function and elliptic genus have been already calculated as Eq. (13), Eq. (16) and Eq. (18), respectively. However, to consider twisted theory we need to set all R-charges assigned to even and odd chiral superfields to be zero, namely,
Then we have
Here we want to compare above model with the A-twisted GLSM for complete intersection in X red , which is defined by following data:
• N + 1 even superfields Φ i with U (1) k gauge charges Q a i and R-charges 0, • M even superfields P µ with U (1) k gauge charges −Q a µ and R-charges 2. with the superpotential
where G µ (Φ i ) is a homogeneous polynomial of degreeQ a µ . The chiral ring relation, correlation function and elliptic genus can be calculated as:
If we redefineq
then above two sets of quantities are exactly the same.
Generalizations
So far we have discussed twisted N = (2, 2) abelian GLSM for supermanifolds without superpotential. In this section, we want to generalize above discussions.
Partition Functions on S 2
Beyond chiral ring relations, correlation functions and elliptic genera, we also find a similar statement about partition functions. This provides an evidence that the mirror maps for supermanifolds and corresponding hypersurfacs are the same [17] . For GLSM for ordinary manifolds, already known results show that we could calculate their two-sphere partition functions [17, 34] . Here, we focus on the U (1) case and one can easily generalize to the multiple U (1)'s. Then the two-sphere partition fucntion is given as in [34] :
with the one-loop determinant for (even) chiral superfields:
where Q i and R i are U (1) gauge charge and R-charge for (even) chiral superfield Φ i . We would use the R-charge conventions as in appendix A, i.e. R i = ζQ i . Now let us consider the complete intersection. We shall introduce P-fields, say P µ , with U (1) charge −Q µ and R-charge 2 − ζQ µ , whereQ µ is the degree for corresponding hypersurface. Then the one-loop determinant for Φ i and P µ is
Here we want to compare it with the partition function for the GLSM for supermanifolds. Therefore, the one-loop determinant for chiral superfields in above partition function should include both even and odd parts. The number of odd chiral superfields,Φ µ should be the same as that of P-fields, andΦ µ have gauge chargeQ µ . From the localization for odd chiral superfields, there should be an overall −1 exponent for the one-loop determinant for the odd chiral superfields. Namely, we shall have
The partition function would have the form as in Eq. (23) . Follow the convention in appendix A, for the supermanifold case, the partition function on S 2 is Eq. (23) with the one-loop determinant for even and odd chiral superfields:
From the property of Gamma function:
we know that
Therefore, we have following relation between Eq. (24) and Eq. (25):
If we shift θ-angle by µQ µ in Eq. (23), then above factor (−1) m µQ µ can be absorbed inside the sum over m, and therefore the partition functions for GLSM for complete intersection and on corresponding supermanifold are the same. This shift of θ-angle is nothing but the redefinition of q as we mentioned before in Eq. (21) . In this sense, it is consistent with discussions in section 4.
(0,2) Deformations
The calculations in section 4 can be extended to (0, 2) supersymmetric theories which are deformations of (2,2) theories, in which case the number of right fermions and left fermions are the same. In particular, we only consider the E-deformations here. By recent work in (0, 2) localization [16] , the correlation function of a general operator O(σ) is given by:
For the toric case, we have
In the above,
where E i refer to the E-terms as in [25] . First consider (2, 2) GLSM for one hypersurface of degree (d 1 , d 2 ) inside P 1 × P 1 . The fields and their gauge charges under U (1) × U (1) are given by
The R-charge assignment is given by
The superpotential is
where
For this case, if written in (0, 2) language, the E i are given by
Therefore,
From the (0, 2) superpotential, the J-terms are
Now, consider (0, 2) deformations of the above model. For simplicity we keep all Jterms undeformed and E P undeformed. In general, the E-deformations written in matrix form are
(See e.g. [35] [36] [37] for a discussion of (0, 2) deformations of tangent bundles of products of projective spaces and results in quantum sheaf cohomology.) Then the M 's are given by:
In the above, A, B, C and D are 2 × 2 matrices. For simplicity, we shall require A and D are invertible, while B and C are not. Furthermore, supersymmetry requires E · J = 0, therefore the matrices above satisfy following constraints [16, 38] :
It is easy to see that there is a special solution to the equations above: take A and D to be the identity and B and C to be zero. This corresponds to the (2, 2) case. From the localization formula in [16] , we have
(30) From section 3 and 4, there is a corresponding story in the supermanifold case. The corresponding GLSM for supermanifold is given by following data:
with all R charges vanishing, and there is no superpotential. As a result, J = 0 and so E · J = 0 trivially. Therefore, in the supermanifold case, there is no constriant on A, B, C, D.
We also keep the E θ term undeformed for simplicity:
Following the same argument in section 2, the general correlation function is given as
The expression of (30) and (31) are related by Eq. (22) . Those correlation functions are exactly the same only when (29a) and (29b) are satisfied. However, we should emphasis that the GLSM for supermanifolds admits more (0, 2) deformations. In this section we have only considered a simple example and it can be generalized to more general cases. Therefore, we would like to conjecture that there exists an (0, 2) analogue of the statement about supermanifolds in [1, 2] : under certain constraints on (0, 2) deformation, an A/2-twisted NLSM on a hypersurface or complete intersection [39, 40] is equivalent to an A/2-twisted NLSM on some supermanifold.
Conclusions
In this paper we have found evidence in GLSMs for the relation described in [1, 2] between sigma models on supermanifolds and hypersurfaces, by using the supersymmetric localization. We also find a similar relationship for elliptic genera of supermanifolds and hypersurfaces, and also in (0, 2) deformations of supermanifolds and hypersurfaces.
Another possible future direction is to understand mirror symmetry for supermanifolds. Some previous studies exist [11, 28] , and it may be possible to make further progress using supersymmetric localization as in [41, 42] .
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A Vector R-charges
In this section, we will discuss the assignment of R-charges to chiral superfields in physical models, especially for odd chiral superfields.
For A-twisted models without superpotential (e.g. without P -fields), we always assign vanishing R-charges to chiral superfields Φ i 's. If the superpotential is nonzero, then it must have total R-charge two, so one must assign nonzero R-charges to some of the chiral superfields.
First consider all chiral superfield Φ i are charged under only one U (1) gauge symmetry. We can mix U (1) R with this U (1) to get a new U (1) ′ R R-symmetry [15, 21] :
where ζ is the deformation parameter. After mixing, the new U (1) R-charge is
If starting with R i = 0, we can continuously deform it to be R ′ i = ζQ i as the new R-charge. Therefore, nonzero R-charges assigned to (even) chiral superfields should be proportional to their weights. For convenience, we will denote R ′ i also as R i following without causing any confusion. Thus, the R-charges are assigned to be:
Now consider the P field, in the superpotential W = P G(Φ), where G(Φ) is a degree d polynomial in Φ i 's.
for a set of integers {n i } and n i comes from the power of Φ i in one term of the (quasi-)homogeneous polynomial G. Then the U (1) charge for this P -field should be −d. To guarantee R W = 2, we need to assign the P field R-charge:
In the above, when ζ = 0, it agrees with the assignments in A-twisted models.
In the toric supermanifold case, odd chiral superfields and even chiral superfields share the same U (1) gauge, and so we should assign R charges to those odd chiral superfields by:
Specifically, if we consider A-twisted theories, R charges should be assigned as R i = 0, andR µ = 0.
These computations can be generalized to multiple U (1)'s.
B Lagrangian on Curved Spaces
In section 3.1, we described the GLSM for supermanifolds on flat worldsheets. However, in this paper we also consider GLSMs for supermanifolds on the two-sphere. Since S 2 is not flat, the Lagrangian will have curvature correction terms [34, 43, 44] . In this section, we want to write out Lagrangians for GLSMs for supermanifolds on a worldsheet two-sphere. Since the only difference with GLSM for ordinary spaces is the kinetic term for odd chiral superfields (6), we will only write out L odd kin . First, consider the physical Lagrangian on S 2 . By solving the supergravity background, one can follow [34] − iψγ µ D µψ + iψσψ −ψγ 3 ηψ + iψλφ − iφλψ −R 2rψψ .
Similarly, we can follow [13] to get the twisted Lagrangian on S 2 . The kinetic term for odd chiral superfields will have the same form as Eq. (2.35) in [13] . One difference is that the statistical properties for each component field are changed.
C Elliptic Genera with General R Charges
In this section, we calculate the elliptic genera for more general R-charge assignments, following Appendix A. In the same spirit of Section 4, we focus on comparison of hypersurface and supermanifold.
As an example, we only consider GLSM for the hypersurface in WP . Actually, we only need compare the one-loop determinants for P -field, say P with U (1) charge −Q, and that for the odd chiral superfield, say Ψ with U (1) chargẽ Q. From appendix A, the R-charge for P is 2 − ζQ and the R-charge for Ψ is ζQ. Then we have
